Let J be an integral domain with identity having quotient field K and letf, g, hEK [X] be such that h=fg. If A, B, and C denote the fractional ideals of J generated by the coefficients off, g, and h, respectively, and if n is the degree of the polynomial g, then AnC = An+1B.
-{0}. If mis the degree of g, then Af+1Ag=AfAfg.
Proof. By Lemma 1 A!a^AsAg; consequently, AfAfl.QAf+lAg.
We show that Af+1AgCAfAfa by induction on n and m, the degrees of/and g, respectively.
Suppose that/ is a monomial; say/ = anXn, and let g = bo+bxX + ■ • • +bmXm. Then Similarly, if g = bmXm andf = a0+aiX+ ■ ■ • +anXn, we have Aj Af" = (a0, ■ ■ • , an) (aobn, •■ ■ , anbm) = («o, ■ ■ ■ , a") (bm) = Af A".
Thus, if either/or g is a monomial, the theorem is true. In particular, if either f or g has degree zero the theorem holds.
If hES[X], we denote by deg h the degree of h. By induction we may now make the following assumptions. It now follows by induction that if deg g = m, then Af+1AgQAfAfg.
Consequently, 4™+14" = 4™4/" and the proof is complete. We now wish to extend the results of Theorem 1 to polynomial rings in finitely many indeterminates.
We first prove a lemma. dnti<m so that mi ^dn^<m(i+l) for any nonzero monomial £ of UX*?. Therefore, the nonzero monomials appearing in tiX™' are dis-tinct from those appearing in tjX^ for iy$j. It follows that t and t* have the same sets of coefficients. We choose m=dn/-f-dng+L Then m>dnf, m>dng, and m>dnfg.
The If R is a unique factorization domain (UFD) with quotient field S, then it is well known that each irreducible polynomial / in R[Xi, • • • , X") is also irreducible in S[Xi, • • • , Xn]. Our next result will show that any Bezout domain-that is, an integral domain with identity in which every finitely generated ideal is principal- 1 The distinctive aspect of our Theorem 2 is in its method of proof; Northcott proves a more general result in [12] [3] . Such a domain satisfies the "invariance of irreducibility" condition, but the status of the converse is in doubt; in this connection, see the acknowledgment at the end of the paper.) Therefore yV(,4) =,4,"*, has a finite basis consisting of elements of D0. Acknowledgment.
We are grateful to the referee for pointing out to us that the conjecture concerning invariance of irreducibility, which was made in the paragraph preceding Theorem 3, is incorrect. To prove this, we recall some terminology from [3] . An element c of an integral domain D is said to be primal if c\a\a2 implies that c = CiC2, where c,-|a,-. A Schreier ring is an integrally closed domain in which each nonzero element is primal. If R is a commutative ring with identity, and if 5 is a commutative unitary overring of R, then R is said to be inert in S if for any nonzero element c of R and any factorization c = ab of c in S, there is a unit u of 5 such that ua and u~xb are in R. The referee has communicated to the authors a proof of the following result.
Let D be an integral domain with identity having quotient field K.
(1) If D is a Schreier ring, then for any positive integer n, D[XU • • • , X"] is inert in K[XU • • ■ , X"].
(2) If D[Xi, • • • , Xn] is inert in K[Xi, • • • , X"]for some »^1, then D is a Schreier ring.
If R is inert in S, it is clear that each irreducible element of R is also irreducible in S. Conversely, if each nonzero element of R is a finite product of irreducible elements in R (in the terminology of [3] , this is the condition that R be atomic), if irreducible elements of R are irreducible in S, and if S is a UFD, then R is inert in S.
At any rate, a Schreier ring D with quotient field A" is such that each irreducible element of D[Xi, • • • , Xn], for any n, is irreducible in K[Xi, ■ ■ • , Xn]\ the status of the converse is unclear, but Cohn in [3, p. 256] gives an example of a Schreier ring containing a p-ideal of finite type which is not principal.
